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A STUDY OF SERIES CONVERGENCE IN THE FIELD OF
COMPUTATIONAL MATHEMATICS

Abstract. Advances in modern computer technology have rendered it feasible to employ efficient methods,
thereby reducing computational complexity. One effective method is the use of combined methods, which
are implemented in computer algebra systems (CAS). This article delineates the evolution of code for the
study of the convergence of series in the Maple CAS.
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Introduction. The theory of series is functions and the calculation of their
a widely utilised research tool within the values is employed. In the theory of
domain of theoretical natural sciences. differential equations, a general solution
The convergence property provides a is represented as a convergent power
robust foundation for the practical series over a specified interval.
application of these concepts in applied Study Conditions and Methods.
problems. For instance, in approximate As is well known, an expression of the
calculations, the approximation of form:

a +a, +a, +...+a, +... 2.8, 1)
=1

is a numerical sequence whose terms are the need for their convergence arises [1-
the numbers a,, where n=1,c0. In turn, 3].

According to the theory of

,, referred to as the general term of the mathematical analysis, the convergence

sequence, is written as a function of the  of the series follows from the existence
number n. For application in problems of the sum of the series Sin certain
of both practical and theoretical nature, cases where the common term is

sufficiently 'simple’. S:

limS, =S, 2
where S, is the partial sum of the series. specifically when dealing with a
In such cases, finding the sum of the ‘complex” formula such as a, -one
series depends directly on expressing resorts to sufficient conditions for the
S,in a more compact form, suitable for convergence of numerical series. In the

search for optimal and rational methods,
we set ourselves the task of investigating
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finding its limit. In practice, however-
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the convergence of series in the Maple functionally dependent on n. To find the
computer algebra system, which has a sum of the series, the command
wealth of builtin commands, functions sum(f(x,n),n=1.k). [4-5]. For

and packages for operations on series.
When solving problems involving

numerical series, the general term of the

series in Maple is treated as a term

example, let’s calculate the S, and S
terms of the sequence:

= 1
nzl:n-(n+1)-(n+2)'

— 1 _ S 1 o).
SR = sum[ it D)1 12) ,n=1 ..kj, S = sum( it D)-(nt2) SN = znﬁnzty),
1 1 1
SR= S0+ T 2+2 T4
S:=0
As can be seen, SR is the partial sum of sum of the series S=0. Thus, there is no
the sequence; the numbering started at need to use the formula (2)
n=1k, and the result displayed is its Let us examine the convergence of the
representation. When finding the sum of series = (n+1)! b aoolvin
the series S, the numbering changed to Z‘ (n+2)5" y PPIYING
n=1and the result we obtained was the D’Alembert’s sufficient condition for
convergence:
LimBrs __(+2! (n+2)5" . (n+2)(n+1)! (n+2p"
e a (N+3)5™  (n+)! e (n+3)5™  (n+1)
. (n+2) 5" . (n+2) 1
:leu- 1:L|m( )-—:oo
e (N4+3) 5™ oo (n+3) 5

D’Alembert’s test and, to verify the

This means that the series diverges.
g result, calculate the sum S [4-5]:

Let us now examine the series for
convergence in Maple: we will apply

(n+2)! (n+2)!
gn+1 en+1
Limit %, n = infinity | = limit %,n = infinity |;
(n+2)-5" (n+2)-5"
!
SS = sum[ % n=1. inﬁnity];
n .

(n+2)! (n+2)5"
E 435"+ 1)1

SS§ = o0
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As can be seen, the value of the SS
term of the series confirms that the
convergence criterion is not satisfied.

Let us examine the convergence of
alternating series, the full analysis of
which involves testing for absolute and

2

n=1

According to Leibniz’s criterion, we have:

conditional convergence.[6]-[7]
Applying the theory of mathematical
analysis, we will examine an alternating
series, for example:

0 (_1)n \/ﬁ

n+1

Vi V2 3 Jn
l — < —<— <. <—,
2 3 4 n+1
2|imﬂ=o,
noen 41

which implies that the series under
consideration converges. Let us continue

the proof and examine the series for
absolute convergence:

Sl -3
o n+1
then YN VN1 compare it is well known, diverges, since.
n+l n  Jn 21
p—2<L
with & harmonic series Z \/_ which, Using the limit test, we obtain:
. a . n-+/n . 1
im = lim Vn f: lim ——=1.
n>wob, n-sw n+l noo, 1
n

Since the series Z idiverges, the

n=1 \/ﬁ

n
series z ialso diverges, which
= n+1

implies that the original series is
conditionally convergent

$ (D"

- h+l

Using the results obtained from the
study of the convergence of numerical
series, we will examine the series

i—(_l)n : \/ﬁ for

- h+l

gence in Maple; specifically, without
using Leibniz’s test, we will limit
ourselves to finding the sum of the
series:

absolute  conver-

- n.
S] = sum[M,n =7]. l}’lﬁl’llty), S2 = Sum(isqrt(n) = Ill’lﬁl’lltyj,
n

n

SI = polylog(

1
—, -1
71)

§2:= o0
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As can be seen, the series has a sum

of . However, the sum of the series,
taken modulo ZM L is oo that
~1 n+1

IS, the series does not converge.

From the examples considered, the
following conclusion can be drawn: In
Maple, to test the convergence of
numerical and alternating series, it is
sufficient to use the command
sum(f(x,n),n=1.k), which computes
the sum Sof the series under
investigation. If, as a result of executing
this command, the value S of the series
is a real number, then the series
converges. If the value is S =co, then
the series diverges. The code for testing
the convergence of numerical series with
non-negative terms is as follows:

(n+1)!

,n=1..infinity |;
(n+2)-5"

SR == sum

if SR = infinity then print ('Ps0_paccxooumes'),

else print (Pso_ccxooumes );
fi;

As can be seen, the series has a sum
However, the sum of the series,

(1" -Vn

n+1

of .

o0

taken modulo )’
n=1
IS, the series does not converge.

From the examples considered, the
following conclusion can be drawn: In
Maple, to test the convergence of
numerical and alternating series, it is
sufficient to use the command
sum(f(x,n),n=1.k), which computes
the sum Sof the series under
investigation. If, as a result of executing
this command, the value S of the series
is a real number, then the series
converges. If the value is S =, then
the series diverges. The code for testing
the convergence of numerical series with
non-negative terms is as follows:

, IS oo that

SR =
print Pao_paccxooumcs

The formula for the convergence test
of alternating series with non-negative
terms is as follows:

n

S2 = sum[abs[(;)n'sm], n=1 ..inﬁnity];

n

if S1 = infinity then print ('"Ps0_SI1_paccxooumes');,

else print (Pao_SI1 _cxooumcs );
fi;

if S2 = infinity then print ('"Pso_SI1_cxooumcs ycnogno');

else print (Ps0_SI_cxooumcs _abcomomno);
fi;

SI = polylog[

1
—, -1
71)

§2:= o
print Pao_S1 _cxooumcs
print Pao_S1 _cxooumcs ycnogno

Functional series are of great
practical use; when investigating them,
the question of convergence is

supplemented by determining the region
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of convergence. Let us consider an
example of investigating a functional
series.[2]
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Example 1.  Investigate  the series:
convergence of the following functional
Z (3n +5)4"
(6x —5)"
Given the general term of the
sequence, D'Alembert's rule applies:
(B(n+1)? +5)4"*
_ n+l
jim |22 = fim | —(8X =) €l L
e @ | e (3% +5)4" | (6x—5)(3x? +5)
(6x-5)"
4_ An+1+5 4
|6x 5|er 3n° +5 |6x—5|
. 4 o S (42 -
If condition m<1ls satisfied, Z(4n +5)- For the series, the
- n=1
the series converges: by solving the necessary convergence criterion is not
inequality, we obtain its region of satisfied: I!iLr!O(4n2+5)¢0,which means
convergence:  1/6<x<3/2. Upon we cannot apply the sufficient
examining the series at the boundary convergence criteria. Thus, the region of
points of Te region of convergence, We  convergence of the  series is:
have: x=€; the series is numerical and (_ w;%ju(g;mj.
alternating, and takes the form .
" Let us compute the region of
3(-1)"(4n? +5). By Leibniz’s test, the ~ convergence  of  the  series
n=1
series diverges; moreover, the series Z @3n® +5)4 in  Maple. We will

. 3
converges conditionally. For X:E' the

series is numerical with non-negative

(6x —5)"
apply D’Alembert’s criterion[4, 5]:

terms and is written in the form
(3-(n+ 1) +5)-4" 1) (3-(n+1)2 +5)4n+1
e_cy(n+1) e_cy(n+1)

Limit abs(6)2c ) - , n = infinity | = limit abs(6)§ ) - 1
(3-1n* +5)-4 (3-1n* +5)-4
abs(6-x-5)" abs(6-x-5)"

= infinity |;
Gu+1*+5)4" ex—3" 4
e ex — 5"t (362 +5) 47 |6x — 5|
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Let us solve the inequality with the
convergence condition based on the

following

Crlterionreq = SOZV@( < 1, x))

4
abs(6-x-53)

req ::RealRange( 0pen[ %j, wj, RealRange( - oo, Open( % j )

The solution found for the interval is
the region of convergence of the series:

1 3
(— o0, gj U (E ;+00j. Let us examine the

behaviour of the series at the endpoints
of the convergence region. We shall
substitute the endpoints of the intervals

: .. . 1
for xin the original series. For x=€,

we have:

o = Sum[w

(% -3)

n = 1. infinity |;

>

i 30 +5 4"

Maple evaluates the series, WhICh
means that the programme cannot
perform any transformations on the
number (—4). However, from the result,
we can see that the series is alternating.
A negative value appears in the

(3-n* +5)-4"

) 1 )
denominator: (6-6—5) Let us rewrite

the series in a different form, taking this
fact into account:

sll = sum[

o{(ot S]]

,n=1..infinity |;

>

sl := o

When this entry was made, the
programme returned the result: S =co.
This means that the series diverges at the

oint x—1
p 6"

52 = sum M
e

2

s2:

The term in the denominator is
positive and the series converges at

=g. S =wo. It follows that the series

diverges at the point. ng Therefore,

3
Furthermore, at X = E we have:

,n=1.infinity |;

>

o0

the region of

SOAGy

Let us consider the special case of a

convergence is:

power series where the region of
convergence is an interval  of
convergence. The interval of

convergence of the power series
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o0
D a,x"is the set of values xat which

n=0
the series converges absolutely.

Example 2. Investigate  the
convergence of the power series
Z (x+9" +1)"

Let us apply D’Alembert’s test:

|x+]4n+l 5".n

"2 (n+1)-5" - |x +]1

_[x+1

lim L() = lim
v U (4)
=[x +1- lim I
x+1 _
From T <1, we obtain
‘X +ﬂ <5, Consequently,

—6<X<4is a convergence interval
for R=5. We can also examine the

5

Similarly, [-6;4), R =5constitutes a

convergence region.
Let us examine the convergence of

the series Z (

in Maple. Let us

endpoints of the interval, namely: execute  the  code  commands:
1
a) X =4, u,(4) ==,
n
— 1
> = diverges;
n=1 n
(-=D)"
b) x=-6, U,(-6)= :
n
Z — , converges conditionally.
— n
(abs(x + 1)) 1) (abs(x + 1)) D
gn i a1
Limit (n+1)3 , h = infinity | = limit (n+1)5 , 1 = infinity |;
(abs(x + 1))" (abs(x + 1))"
n-5" n-5"
n+1 n
i, |x+1|+ln5 :i|x+1|
" n+1)5" T e+ar S
req = Solve(M < l,xj;

req := RealRange(Open( -6), Open(4))

The region of convergence of the

series: Z (X+1)

e t(-6:4).
n=1

Let us

examine the behaviour of the series at
the boundaries of the region:
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(-6+1)"

n-5"

sl == sum

sl

The fact that the sum is
s,=—In2means that the series

converges at the point x=-6. At the
point x=4, however, the series
diverges, since s, =c. This gives the
region of convergence of the series:
S, =.

When investigating functional and
also power series to determine the region
of convergence, well-known sufficient
criteria for convergence are applied.[6]-
[7] When examining the behaviour of
the series at the boundary points of the
region of convergence, the command
sum(f(x,n)n=21.k)is used. It s
difficult to predict the behaviour of a
series at various points where the
variable changes; therefore, Maple
commands are used sequentially when
solving  problems involving  the
convergence of  functional  series,
building on the result of the previous
command|[8].

Research results. An investigation
of the convergence of series in the
computer algebra system Maple has
shown that, for the convergence of
numerical and alternatingseries with
non-negative terms, it is sufficient to
find the sum of the series without
resorting to sufficient convergence
criteria. This development enabled the
creation of automated convergence
testing code for these series.

The study of functional and power
series is conducted in several stages. In
the initial phase, adequate convergence
criteria are implemented to ascertain the
convergence region of the series. In the
subsequent phase, a refinement of the
convergence region of the series is
undertaken. In the final stage, an

,n=1. inﬁnity]; s2 = sum{

(4+1)"

,n=1.infinity |;
n-5"

-In(2)

o0

analysis is performed at the boundary
points of the resulting convergence
region, where automated convergence
analysis code is applied to numerical and
alternating series with non-negative
terms.

Discussion of Research Results.
The development of convergence
analysis code for numerical and
alternating series with non-negative
terms has been enabled by numerous
practical examples, including the
implementation of the solution in the
Maple system. The code facilitates the
execution of the study without the
necessity of adhering to sufficient
convergence criteria, which are applied
in accordance with the form of the
general term of the series. Consequently,
the number of computational operations
is reduced, thereby minimising the
computation process. The simplicity of
the convergence analysis code s
indisputable.

In the course of examining the
convergence of functional and power
series, the development of the code
encounters  challenges  that  are
predominantly —associated with the
selection of an adequate convergence
criterion, which is based on the structure
of the general term of the series. In this
instance, an algorithm is presented for
investigating the  convergence  of
functional series and determining the
convergence region.

Conclusion. The implementation of
combined methods in  computer
mathematics systems engenders a broad
spectrum of potential applications in
various fields of enquiry. The
transparency of the  operations
performed, the speed of computation,
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and the ability to make adjustments all solution methods.
serve to increase the effectiveness of
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I0.P Kpaxmaaesa
Tapasckuit ynusepcuter uMmenu M.X. Adyaatu
Tapas, Kasaxcran

MCCAEAOB&HI/IE CXOAVIMOCTH PsIAOB B CICTEMe KOMl'II)IOTepHOﬁ MaTeMaTVKU

Annporanmsa. PasBuTme COBpeMeHHBIX KOMIIBIOTEPHBIX TEeXHOAOIMI JaeT BO3MOXKHOCTD
IIpMMeHEeHMsI pallIOHaAbHBIX METOAOB 3a CYeT CHVDKeHUA TPYA0eMKOCTU BbramcaeHmii. OAHuM ms
9 PeKTUBHBIX MeTOJO0B pacCMaTpuUBaeTCs IIpMMeHeHUe KOMOMHIPOBaHHBIX METOAOB, KOTOpBIE
peaansyioTcs B cucteMax komnpiotepHol MatemaTuky (CKM). B crathe mokasaHa paspaboTka Koga
nccaeaosanys cxoanmoctu psaos 8 CKM Maple.

KaroueBble caoBa: cymMMa psda, KOA4, CXOAMMOCTh psiga, Maple, AocTaTouHble HpuU3HAKU
CXOAMMOCTH

IO.P. Kpaxmaaesa
M.X. Ayaatn aTeiHAarbl Tapas yHuBepcuTeTi
Tapas, Kasaxcran

KommpioTepaik MaTeMaTHKa JKyiieciHAeri KaTapAapAblH JKMHAKThIABIFBIH 3epTTey

AnsaoTtarnms. Kasipri 3aMaHFBI KOMIBIOTEPAIK TEeXHOAOIMAAAPABIH JAaMybl ecelTeyAepAiH
eHOeK ChIIBIMABLABIFBIH TOMEHAETY apKbLABl TUIMAL aaicTepai KoagaHyFa MyMKiHAIK Oepeai. TuiMmai
daicTepain Oipi peTiHge KOMIIBIOTepaik MaTeMaTmka Xyleaepinge (KMDJK) skysere achblpblaaTbhiH
apadac aaicrepal KoaAaHy KapacTeipblaaabl. Maxkasaga Maple xyiieciHge KarapaapAbIH
>KMHAKTBIABIFBIH 3€PTTeyTe apHaAFaH KOATHI 93ipAey KepceTiAreH.

Kiat ce3aep: KarapablH KOCBIHABICH, KOJ, KaTap >KMHAKTBIABIFBL, Maple, >KMHaKTBLABIKTHIH
JKeTKiAiKTi Geariaepi
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